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Space Structure Control Design by Variance Assignment
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The performance requirements of spacecraft missions are usually specified in terms of root-mean-squared
(rms) values on both the input and output variables. The rms contribution of each input or output in the overall
system performance metric is called the ““input’’ or ‘“output’’ cost. A technique is derived that allows a linear
controller to assign each of the multi-input or output costs. The procedure is illustrated by the design
and shape control for NASA’s 64-m Hoop-Column Antenna subject to power-limited actuators. By assigning
only the output costs rather than the input costs, the procedure serves to determine the power reguired of the ac-
tuators (required input costs) to achieve the mission requirements (specified output costs). This determination of

actuator sizing (and location) for the control of flexible structures is an important feature of the method.

I. Introduction

HE problem of regulating linear systems which have some
form of amplitude constraints on either the system inputs
or outputs has a wide range of practical engineering applica-
tions. The authors are motivated specifically by large space
structures where the inputs represent noisy actuator signals,

and the outputs represent line-of-sight pointing errors, deflec-

tions from a desired shape, etc. These structures have mission
requirements naturally stated in terms of variance constraints
on the outputs, subject to variance constraints on the actuator
inputs (such as power limitations).

Referred to by NASA as the “hoop column’’ antenna, the
antenna configuration in Fig. 1 is ore candidate under study
for a large communications satellite to be positioned in
geosynchronous orbit. Several (four are shown) transmit-
ter/receiver units are positioned at the focal point (node 10 in
Fig. 1) of the 64-m dish. The purpose of the control system is
to prevent excessive radio beam degradations at the Earth
receivers. In turn, this requires that the thin membrane-like
mesh antenna dish be maintained in an almost parabolic shape
and that the radiometric centroid of the beam be pointed to
the correct location. This pointing and focusing problem
translates into mean-squared constraints on the 24 output
variables listed in Table 1. The physical locations of these out-
puts are at certain nodal points of the finite element model.
These points are depicted in Fig. 1 by node numbers 2, 6, 9,

10, 101, 107, 113, and 119. For all angles (outputs 1-6) the

variance constraint is 22.8 arc-sec

EVi=<a?, o0;,=22.8arc-sec, i=1-6 (la)

where Swé lim &, and & is the expectation operator. For
=00

linear displacements the variance constraint is 0.158 mm.

8.¥¢=0?f, ¢;=0.158mm, i=7-24 (1b)
The small torque devices are capable of mean-squared torques

up to 100 (dyne-cm)?.
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Fig. 1 Hoop-column antenna.

Table 1 Hoop-column output description

(¥, =AX2

y;=AY2
y3=AZ2
y4=AX10-AX2
=AY10-AY2
=AX10
y,=X6-X2
=Y6-Y2

yo=X9-X2
Yio= Y9-Y2

¥ =X10-X2

V12 =Y10-Y2

© 13 =X101-X10

Y14 =Y101-Y10
Yis= Z101-Z10
V16 = X107-X10

y17=Y107-Y10
V18 =Z107-Z10
¥39=X113-X10
Y20=Y113-Y10
Va1 =Z113-Z10
Y22 =X119-X10
Y23 =Y119-Y10
V24 =2119-Z10
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ol =<p?, p;=10dyne-cm, i=1—-12 (1c)
The 12 torquers producing torques u;, i=1—12, are located as
in Table 2, and the 39 sensors are located as in Table 3, where
ARX2 means angular rate about the X axis at node 2, AX2
means angular displacement (inertially feferenced) about the x
axis at node 2, Z10-Z2 means rectilinear dlsplaf,ement between
nodes 10 and 2 in the Z direction, etc. The actuator noise is
described by zero-mean white noise with intensity

w=diag[...W;...1, W;

=0.1(dyne-cmy’, i=1—12 (2)
The sensor ﬁoise is zero mean with intensity
V= diag_[...V,»,»...] ’ (3a)
where
V;=1.61x10"" rad* i=1,2,3,13,14,15 (3b)
Vii=2.50x 10-"m? i=4-12,16—27 (3c5
Vi=4.76x107*(rad/s)?, i=28~39 (3d)

To illustrate the concepts in this paper, the dynamics of the
antenna are described by the first ten elastic modes plus three
rigid-body modes. The square of the modal frequencies in
(rad/s)* are

(w},.. :wgg)-(o 0, 0,0.406, 7.209, 7.236, 13.277, 44.834,
132.140, 142.660, 445.010, 448 690, 775. 860)

@

The damping ratio assumed for all elastic modes is {; =0.005,
i=4—10. The mode shapes and mode slopes at the sensor, ac-

Table 2 Hodp-column actuatores, admissible set

tuator, and output locations may be found in Ref. 2, and are
described mathematically by {m,n,) 8, and (pisn,) Tespec-
t1vely, as follows:

ﬁ,+2§‘,w,'f],+w,ﬂ,=3r(“+w), i=1""13
15 ) 13

y= Y (pmitudy), 2= Y (mm+nd;) NO)
i=1 )

i=1

where 8,€R??, yeR%, zeR* and z is the vector of measure-
ments described in Table 3. The first control task is to regulate
the antenna structure so that the outputs we wish to control
¥;, and the inputs, U;, satisfy

8yi<o} i=1—24 - (62)

Soul<u? i=1-12 - (6b)
The second objective is to select the critical sensors and ac-
tuators from the admissible set described in Tables 2 and 3,
and to control the system with the reduced configuration of
only 6 actuators and 12 sensors. The tools of input/output
cost analysis! are used for both tasks, and the details of these
notions: will be described in Sec. II. The contribution that a
state of the system makes in the overall quadratic performance
metric is referred to as the ‘‘component cost,’’ and this type of
analysis was developed in Refs, 3-5. However, the idea of this
paper is soméwhat different. Instead of computing the cost of
each state component we wish to compute the cost of each in-
put and output, and not only to compute them but also to
design the control system so that they take on specific values.
The paper is organized as follows. Section II presents a
mathematical statement of the input/output variance assign-
ment problem motivated by Eq. (6). Section III solves the
varjance assignment problem for a class of problems for which
the Riccati equation has an analytical solution. Section IV
presents an iterative algorlthm to solve the more general
variance assignment problem. Section  V presents a
mathematical statement of the input/output cost analysis

“Abﬁ?ut o Node problem which selects the critical actuators and sizes them to
Actuator Torque axis location accomplish the required output performance [Eq. (6a)]. Sec-
' tion VI presents numerical results for NASA’s 64-m Hoop-
u; T X 2 Col A ine th bined / sel
u T Y > Column Antenna, using the combined sensor/actuator selec-
u; T z 2 tion and variance assignment algor}thms.
Uy T X 6 R . ' .
us T Y 6 II. Input/Output Variance Assignment
ug T z 6 Consider the system performance metric
uy T X 9 ~ ~ : ‘
ug T Y 9 2 :
"y T z 9 V=8, (Iyl},+ lul} ) )
Ugo T X 10
Uy T Y 10
U T VA 10
Table 3 Hoop-column sensors, admissible set
Sensor ) - Sensor ‘ . 'S
no. Label no: Label %Ig? r Label
2 AX2 ' 214 AYI0 227 Z119-Z10
2 AY2 25 - AZ10 25 ARX2
23 AZ2 21 X101-X10 Z29 ARY?2
Z4 X6-X2 247 Y101-Y10 Z30 ARZ2
s Y6-Y2 Tz Z101-Z10 23 ARX6
Zs 76-72 210 X107-X10 232 ARY6
z; X9-X2 220 Y107-Y10 233 ARZ6
2 Y9-Y2 Za1 Z107-Z10 234 ARX9
2 79-72 222 X113-X10 235 ARY9
219 X10-X2 233 Y113-Y10 236 ARZ9
21 Y10-Y2 Zo4 Z113-Z10  2Z3y ARX10
2. 210-22 235 X119-X10 238 ARY10

213 AX10 22

Y119-Y10 Z30 ARZ10
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The closed-loop system which minimizes V is described by

x=Ax+B(u+w) WER"w

j: Cx YER™

z=Mx+v VER™ ®
%= A%+ Bu + F(z—M¥)

u=G% | u€R"™ ©

By input and output cost analysis,! a decomposition of the
total system performance metric gives these input costs,

VY =Willb k.,  i=1...m (102)

Vr =V, If; 13 (10b)
and these oﬁtput costs

V=gl g, 7,20, : (100
VE¢=r; ||gi “)23: T éRii‘ (10d)

where Il- 15, = (- )TQ(’- ) and W, V, Q, R are assumed diagonal
matrices, and where K, L, P, X, G, F satisfy

O=KA +ATK—,KBR"’_BTK+ CTQC, .

[815++4:8n, ] =GT=KBR™! 11

O=PAT+ AP—-PMTV-!MP+BWBT,

Usseoafn, ] =F=PMTV~! (12)
O=X(A+BG)"+ (A+BG)X+FVFT 13)
O=L(A~FM)+ (A-FM)TL +G"RG (14)

and w(¢), v(¢) are zero-mean uncorrelated white noises with
intensities . W, V, respectively. The input. and output costs
[Egs. (10)] satisfy the cost decomposition property!

ny, ny Ry ny
V= Y, VEE Y V= ), Vr4 Y, WY (15)
i=1 i=1 i=1 i=1

Under our assumption of diagonal Q,R, the input/output
costs are related to the input/output variances by

¥ =q,8.uf (162)
VY =r;8.¥] (16b)

It is known! that {¥Y>0 and V¢=0} if (A4,C) and (A4,M)
are both observable pairs and (A, B) is controllable. If in ad-
dition, (4 —FM,G) is an observable pair, then V?>0. This
latter event is not assured even if the plant controllabil-
ity/observability conditions hold, since the optimal controller
may still be nonminimal.® It is also known! that {¥? >0 and
V¥>0} if (A,C) and (A,M) are both observable pairs and
(A4,B) is controllable. If, in addition, (A + BG,F) is a con-
trollable pair, then V¥ >0. Furthermore, the closed-loop in-
put/output costs VY, VY, VY, V¥ are all invariant under state
transformation x= Tx, 1T10.1

It is clear from Egs. (16) that the problem of assigning a
value to V¥ or V/ is equivalent to assigning a value to €47 or
8,53, since & ,uf =V¥/q; and &, y? ="V} /r;. Hence, our prob-
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lem of input/output cost assignment can and should be inter-
preted as an assignment of input/output variances. The in-
put/output variances assignment problem will be solved by
choosing weights g; and r;, if they exist, such that

Vi1 =8 uf =< pf, i=1,...,n, (17a)
V/q; =8y <df, i=1,..,n, (17b)

where p; and o; are specified by the mission performance re-
quirements. There are two options in the subsequent
algorithm; to solve these two variations of the problem. -

The Input-Variance Assignment (IVA) Problem

For the system [Eq. (8)], find g;, r; such that the con-
straints [(Eq. (17a)] are binding (&§,uf =u?), and the con-
straints [(Eq. (17b)] are relaxed by the smallest amount

{min Y (Smy,?-—o,?)viagmy,?>a,?}

The Output-Variance Assignment (OVA) Problem

For the system [Ea. (8)1, find g;,7; such that the constraints
[Eq..(17b)] are binding (€37 =07), and the constraints [Eq.
(17a)] are relaxed by the smallest amount:

{min E (8ot —uf)VidE u? >u,?}
7 ‘

Much has been written on the subject of weight selection in
linear quadratic Gaussian (I.QG) problem, but most methods
are concerned with pole assignment rather than input or out-
put cost assignment.”® Others!®!? deal with the relationships
between the weights and sensitivity. Sesak et al.!%!5 use
weights to reduce the controllability of certain (truncated)
states. Perhaps the first suggestion for weight selection to
achieve variance constraints appears in Ref. 16, and this work
is based on that paper and Ref. 2. However, earlier work
treats hard constraints of input amplitude.!”® Adaptive con-
trol with these objectives in mind has also been investigated in
Ref. 20. .

It is also clear that our problem is related to a vector per-
formance index problem,?' since each required variance can
be considered as an element in such a performance vector.

. Howeéver, we must not draw too close an analogy with that

problem since we seek an assignment of.variances restricted by
the selection of weights in the standard LQG problem. This
approach is chosen, as opposed to the nonlinear mathematical
programming approach of Ref. 20, in order to yield a linear
controller. .

3 y» A
performance available from
/ LQG theory
-— input-constrained solution
' output-constrained
' solution
2 H
o 7 -
/7/ é p-0
_ “
1+:2 s Z - - -
o2 cpcT I Z
(=% =cpe) z -
L 2
2(14.2)2 : Eu
2,2 #
(i)

Fig. 2 Input/output cost assignment.



JULY-AUGUST 1985 SPACE STRUCTURE CONTROL DESIGN BY VARIANCE ASSIGNMENT 457

III. Special Problems with Analytical Solutions

For the case of the scalar plant with scalar input and output
the cost assignment problem can be solved without the need of
iterative algorithms. The purpose for showing such solutions
is to illustrate the difficulties encountered in the multi-
input/multi-output case.

For scalar y and u the cost function ¥ can, without loss of
generality, be written in the form

V=8, (¥2 +pu?)

where p= Q™R is the single weight to be chosen so that the
mean-squared performance lies within the shaded region of
Fig. 2. For the example x=x+u+w, y=Xx, z=x+v, the in-
equalities [Eqs. (17)] become

1+v2)?
14V2+ (——)—_o (18a)
NI+p~!
(1+\/—)2
I1+NI+p 1) =y? 18b
WNite! ( P =p (18b)
This leads to the conclusion that p must satisfy, from Eq. (18a)
1+V2)?
Tip e L2 ey
S 173 if 02> 1+v2 (19)
p=0 ife?=14V2 (19b)
p has no solution of Eq. (18a)  ifo?<I+4V2 (19¢)

and from Eq. (18b),

Tro=T< w 2

I+p™ = \F)Z \/<u+\/§)2 _1) -1
ifp?=2(1+v2)?  (20a)

p=oo if;;2=2(1+\/§)2' (20b)

o has no solution of Eq. (18b) if p?<2(1+V2)?  (20¢)

Clearly from these equations and Fig. 2, Eqs (17) cannot be
satisfied if

0? <ol =CPCT = (1+V2) @n
or if
W2 <plin =2(14V2)? (22)

Thus Egs. (17) cannot be satisfied unless ¢? and pu? are suffi-
ciently large so that the solid curve from LQG theory in-
tersects the shaded region of Fig. 2. In the absence of this cir-
cumstance two options will be available: ‘‘input-variance
assignment’’ and ‘‘output-variance assignment.”” The input-
variance assignment option seeks the solution ® along the
"dotted line in Fig. 2. That is, the input constraints [Eq. (11a)]
are held binding, while the output constraints [Eq. (11b)] are
relaxed by the smallest amount. The ‘‘output-constrained”’
option seeks the solution o along the dashed line in Fig. 2.
That is, the output constraints [Eq. (11b)] are held binding,
while the input constraints [Eq. (17a] are relaxed by the
smallest amount. These ideas may be extended to the multi-
input/multi-output case.

It is usually not possible to generalize the explicit ine-
qualities [Eqs. (18)] for higher order systems, since closed-
form solutions are not generally available for the Riccati
equations.

IV. Weight Selection
by Input/Output Cost Analysis:
‘The Variance Assignment Algorithm

The following iterative algorithm is used to approximate the
solution to the output variance assignment problem. (That is,
O, R will now be specified for a given sensor/actuator con-
figuration.) As with most iterative algorithms, convergence
proofs are not available. However, numerous numerical
results are available and certain additional theoretical proper-
ties of the proposed algorithm are discussed in Ref. 2.

The Output-Variance Assignment (OVA) Algorithm

This algorithm is motivated by the output-variance assign-
ment problem stated previously

OVA: (rgiRn) Y (8ot —p2)VidE L ud >

subject to
8y =0? vi=l-n,
Step 1
Specify {A,B,C,M,W,V,0,u?}
Compute
a:(0y=072, i=1-n,
ri(0) =p;i?, i=1-n,

Compute P. If for any i, [CPCT];>d?, stop. No solution
exists which satisfies &7 <o7.

INPUT DATA
{A, B, C MWL Vool ,u_iz}
Compute P,
yes
o
»| compute K, L, %, Euuiz, E‘yi2
A

2(k-1)
q;(k) = f—-——] q;(k-1)

no

r].(k) =

{@(k—l)‘ri(k—l), ek =8 <

ri(k-l) otherwise

Y
STOP

Fig. 3 OVA algorithm.
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Table 4 ‘Hoop-colum.n‘antenna: oiltplit variance assignment

Iteration -
No. of : : No. of
the OVASAS Deleted ~ Deleted Average sensors/
algorithm sensors (»i") | actuators (v input value actuators
1 AZ10 (0.0004116) TZ10 (—1.362) 3.275 39/12
AZ2 (0.000397) TZ9 (—1.369)
76-72 0)
79-72 ©)
Z10-Z2 ©) . .
2 AY10 - (0.003362) TZ6 (—2.1405) 3.592 34/10
AX10 (0.003358)
AY2 (0.00226)
AX2 (0.00226)
Z113-210 (0.01942)
Z119-Z10 (0.001884) :
3 X6-X2 (0.01457) TX10 (- 1.2055) 3.699 28/9
Y6-Y2 (0.01457)
Z101-Z10 (0.0110)
Z107-Z210 (0.0108)
4 ARZ2 (0.02844) TX9 (—1.21917) 3.997 24/8
ARZ10 (0.02232)
ARZ6 (0.02238) : .
5 X9-72 (0.0986) TX6 (—1.4793) 4.377 21/7
Y9-Y2 (0.0839) :
6 ~ ARX6 (0.07648) - 4.829 19/6
ARX2 (0.07648) . .
7 ’ Y107-Y10 (0.13395) - 4.857 17/6
ARY9 (0.1098) )
8 X119-X10 (0.1557) - 4.905 15/6
X113-X10 (0.1555)
X101-X10 (0.1551) .
9 : . - - 5.021 12/6 .
Step 2. - A _
Compute K,L, X, V¢/r;=E,ul, V/q,=86,)%. INPUT DATA
Discussion: In the steady state, A, By €y MW, Y, QR Ry, R

07 (k) =07 (k= 1)
v;/here k is the iteration index. Hence,
41 (01837 () = (k= 1)8 o3 (k= 1)
and the iterations should stop when &_,y? (k) = 2. Hence,

, [ 8.y (k—1
4,0 =220 g ey @3)

is used in the successive approximation. Repeat this proéess
Eq. (23), continuing to update g; until 8 ,y? =¢7, i=1—n,,.

Step 3.
Similarly update r; by

8ouf (k—1)
2

r,-(k)=[ 8‘”_1"2(@]51

ri(k—=1) if [ 5
i Bi

=r,(k—1) otherwise 4)

Return to step 2 and continue this process - until
q;(k) =q;(k—j) and r;(k) =r;(k—j) for some j. When this
occurs for j= 1 the algorithm has converged. When this occurs
for j>1 a limit cycle has been detected, and the algorithm
stops. Small limit cycles will be acceptable (the final answer is
‘“‘close’ to a final solution). The authors have found that in-
creasing the power of the bracketed terms in Eqgs. (23) and
(24) accelerates convergence.? No limit cycles have been

A

‘DUE TO DELETED SENSOR

—

RECOMPUTE P, vise"s, v

'

DUE TO DELETED ACTUATCR

7| RecowPUTE R, W, K, L, K, V. vi“t

DELETE °

SMALLEST v, 3¢t

1

?
smallest V}.act < smallest Vi

DELETE

SMALLEST v, sens

STOP

Fig. 4 SAS algorithm.

sens

J. GUIDANCE

STEP |

r STEP2

} STEP 4
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detected with this algorithm for a wide class of numerical ex-
amples with as many as 24 outputs and 12 inputs.

A flow chart of the OVA algorithm is given in Fig. 3. The
input-variance assignment (IVA) algorithm is similar and will
not be described separately.

If the OVA algorithm converges, it converges to a solution
of the OVA problem stated previously. To see this, note that
the algorithm takes

ny nu - .
V=), g8yt Y riBou? @5
i=1 i=1
to the value
y -
= Y quiot+ Y ragud + E uf @6
i=1 . ied i€d l

where g, is the steady value of g; in Eq. (23) such that
8.Y? =0?; ryy is the final value of those r; which were changed
in Eq. (24) to achieve the equality on the right-hand side of
Eq. (24); the remaining r;(i€9) are not changed,
r;=ri(0) = u; 2, yielding the last term in Eq. (26). Thus, subject
to the constraints 8,,)7 =0, 8,uf =uf, i¢d the minimization
of )

ES

ied ut

LVid8 o u? > p?

is accomplished by the minimum of Eq. (26).

The existence of g, (such that &,y?=0?) is not
guaranteed, but the existence of ¢, such that §,y? <o7 is
guaranteed under the controllability assumptions. Thus, when
the OVA algorithm [specifically Eq. (23)] finds &,y? <07 it
decreases g; in an attempt to allow less control effort to permit
8,7 to increase to its binding value §,,y? = 0. But no matter
how small one chooses g; it may happen that &,y does not in-
crease That is, in order to keep other outputs well behaved
€.y 02 J#1i) it can happen that acceptable performance on
y;is “free” and need not be penalized in V. In such cases the
OVA algorithm will naturally drive such g¢,—0 (we will
observe this event in Table 6). Thus, when g,,=0, the
arguments of the above paragraph are still valid except for the
technical footnote

{gr; =0 when §,.y? <o?, otherwise §,?=07?)

The input variance assignment (IVA) algorithm is similar
except for the opposite rules for updating g; and r;. Hence, the

IVA algorithm which solves the IVA problem stated previ-.

ously will not be written explicity.

V. Sensor/Actuator Selection
by Input/Output Cost Analysis
It should be clear that the cost assignment problem is not in-
dependent from the problem of selecting sensor and actuator
locations. This section treats the sensor/actuator selection
problem as if Q, R were fixed.

Since V¥ in Eqs. (10) represents the contribution of the ith
input in the overall performance metric V, and VY represents
the contribution of the noise from the ith actuator input, the
‘“cost’’ of the ith actuator is measured by the difference be-
tween the ‘‘good’’ and ‘‘bad’’ effects.

Wt = VY — YW (actuator costs) 2n

and the ‘‘cost™ of the ith sensor is measured by

Psens = Y (sensor costs) - (28)

The sensor signal z; contains the sensor noise, z; =m/x+v,,
whereas the actuator signal #; does not contain the noise w;.
Thus, .each sensor and each actuator cost have different
forms, [Eqgs. (27) and (28)] but they are both linear combina-
tions of input/output costs V¥, VY, 0} obtained from the in-
put/output cost analysxs [Eqs (10)] Further support for Eqs
(27) and (28) is given in Refs. 1 and 2.

The magnitude of the Kalman filter gain on the ith sensor
signal approaches zero as Vi—oo,

lm Ifi0?= lim [m]PPm;/V;1=0
Vij—oo Vii—e
(as does the sensor cost Vi =V lf;IZ —0). Hence, an ex-

tremely noisy sensor simply has no effect on the optimal LQG
controller, yielding the result proved in Ref. 1.

INPUT DATA
= o= 202
BB, CoML MLV, R o ot

'

. OVA
> Algorithm

NEW {Q,R}

\

SAS
Algorithm

NEW “W,V,B,M:

in order to achieve E y,
with n sensors or n ac{uators

STOP
Fig. 5 OVASAS algorlthm.

The final E u; 2 yalues denote
the actuator besxgn requirgments

Table 5 Output variance assignment with six actuators

vE, u? , dyne-cm

Actuator (design
Outputs VE, ?i no. requirements)
=(AX2) 0.15s u;=TX2 72.91
y,=(AY2) 0.015 s u; =TX2 26.145
y3=(AZ2) 11.588 s uz=TZ2 105.47
y4=(AX10-AX2) 0.001 s “uy=TY6 26.138
¥5s=(AY10-AY2) 0.001 s us;=TY9 31.750
=(AZ10) 12.000 s us=TY10 38.812
=(X6-X2) 0.010 mm
Y =(Y6-Y2) 0.010 mm
Y9 =(X9-X2) 0.068 mm
Y10=(Y9-Y2) 0.068 mm
¥ =X10-X2) 0.158 mm
y12=(Y10-Y2) 0.158 mm
13 =(X101-X10) 0.104 mm
¥14=(Y101-Y10) 0.158 mm
15 =(Z101-Z10) 0.007 mm
Y15 = (X107-X10) 0.158 mm
¥;7=(Y107-Y10) 0.156 mm
18 =(2107-210) 0.008 mm
¥19=(X113-X10) 0.122 mm
Y20=(Y113-Y10) 0.158 mm
Y21 =(2113-Z10) 0.001 mm
Y22 =(2119-X10) 0.158 mm
Y23 =(Y119-Y0) 0.091 mm
Y24 =(Z119-Z10) 0.001 mm
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Theorem. For a given (Q,R) and a given set of sensors z;,
i=1,...,n,, the optimal value of the LQG performance metric
% cannot be reduced by the deletion of any sensor z;.

Thus; deleting sensors, (no matter how noisy they are), can
never improve performance. This property does not carry over
to the deletion of actuators. It may be possible to improve per-
formance by deleting noisy actuators, as we shall show.

The V#* and V{*™ represent the in situ contribution of an
actuator and sensor and are only approximations to the
amount by which the cost function is changed by the deletion
of a sensor or actuator. That this approximation is quite ac-
curate in practice is established in Refs. 1 and 2 by application
to several large-scale systems. Based on input/output cost
analysis, the proposed algorithm for selecting sensors and ac-
tuators from an admissible set is as follows.

The Sensor/Actuator Selection (SAS) Algorithm

Step 1.

Specify {A,B,CM,W,V,Q,R,ni,,f,} where 7A,<n, and
A, <n, represent the desired number of sensors and actuators
to be used, and n,,n, represent the larger admissible set from
which to choose.

Step 2. .
Solve for P,K,L,X from Egs. (1-14).

Step 3.
Compute V2 from Eqgs. (10) and (23) and order according
to . .

VE 2 VP 2Vt =2, 2 VA
iy

Delete the actuator with the smallest algebraic value of V&
(that is, delete the ith column of B and the ith row and column
of W and R). After each deletion recompute K, X, L and
again delete the smallest V2, Continue this iterative process
until performance as measured by V from Eq. (15) ceases to
improve [until ¥ (k — 1) th iteration) < (kth iteration)] . Fur-
ther deletion of either sensors or actuators will degrade
performance.

Step 4.
Compute V&, V¥ and order the V2 and V¥ according
“to algebraic value,

Vs m VIt > | > Yt Z e > ete,

Delete the sensor or actuator device with the smallest algebraic
value of Ve, Vs (to delete a sensor, delete the ith row of M
and the ith row and column of V). Return to step 2 and repeat
- this process until either the remaining actuators are 7, in
number, or the remaining sensors are 7, in number, whichever
occurs first. :

A flow chart of the SAS algorithm appears in Fig. 4. For
* simplicity in the diagram, Fig. 4 shows some unnecessary com-
putation. Actually, when delecting sensors, X does not have to
be recomputed. Step 3 is omitted from the diagram of Fig. 4
because it is not a necessary step. It should only be added if the
analyst wishes to know the optimal actuator configuration
with the full admissible set of sensors. In the NASA Hoop-
Column Antenna example, six actuators were deleted in step 3
to improve performance prior to the deletion of any sensor.
That is, the overall system gave better performance with 6 ac-
tuators than with the admissible 12. This is due to the con-
tribution of more noise than signal from the six deleted ac-
tuators. [Note that this flaw in actuator selection cannot be
detected a priori by simply looking at the noise data for each
actuator. In our example @/l actuators had the same noise [Eq.
(2)]. What makes some ‘too noisy’’ and others not, is the ef-
fect of location and control law.] Data for step 3 calculations
may be found in Ref. 2 will not be included herein.
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V1. Combined Sensor/Actuator Selection
and Variance Assignment

Figure 5 shows the integration of the OVA and SAS
algorithms and Table 4 shows the results for the hoop-column
antenna with 71, = 12, 71, = 16. The average input value listed in
Table 4 denotes

The total control effort (power),

JRR
5 X et ],

u i=]

is 3.275x 12=39.30 (dyne-cm)? which is about 25% greater
than the control power needed to give the same output
variance using 6 actuators, 5.021 X 6=30.12. Hence step 3 in
the SAS algorithm deleted 6 actuators and better performance
was obtained using fewer actuators, since the noise effect V¥
was greater than the signal effect V¥ (note the negative values
of Wt in Table 4). Note also that all torquers about the Z axis
(Fig. 1) have been deleted except one (TZ2). This is a logical
result since the column is very rigid in torsional motion. Hence
only one Z-axis torquer is required to maintain controllabi- -
lity.22 It is interesting, however, that even one Z-axis torquer is
required, since rigid antenna motion about the Z axis is
unobservable in the pointing errors. The Z-axis torquer is ac-
tually retained because the flexible torsional motions seriously
degrade antenna shape. The fact that none of the Y axis
torquers were deleted suggests that the control of the motion
fo the flexible solar array is important to the antenna perfor-
mance. (See from Fig. 1 that solar array bending can produce
torques about the Y axis.)

From column 2 of Table 4 the least important (deleted) sen-
sors are listed. The fact that the sensors measuring ‘‘defocus-
ing”’ deflections (Z6-Z2, Z9-Z2, Z10-Z2) had negligible sensor
costs V¥ suggests that the antenna column is so stiff that
these measurements are not important. As expected the Z-axis
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Fig. 6 Hoop-column antenna: output variance assignment (OVA)

algorithm convergence.
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Table 6 Hoop-column antenna:
output variance assignment with 12 actuators

vVE uz,- , dyne-cm
-~ (design
Outputs vE, y? Actuators? requirements)

i - 0.015s (g;=0) u;=TX2 24.252
Y2 0.015s (@,=0) u;=TY2 24.288
V3 11.579s (@3=0) u3=TZ2 40.280
V4 0.001 s (@4=0) u,;=TX6 24.253
Vs 0.001s (@s=0) us;=TY6 24.282
Vs 12.001 s @5=0) usz=TZ6 40.869
Y 0.010 mm (@,=0) u,=TX9 29.466
Vs 0.010 mm (gs=0) ug=TY9 29.496
Yo 0.068mm  (go=0) uy=TZ9 41.963
Y10 0.068 mm @30=0) u;,y=TX10 36.026 -
Yu 0.158 mm u;;=TY10 36.056
Yz 0.158 mm u;,=TZ10 41.747
Vi3 0.104mm  (g;;=0)
Yis 0.158 mm
Yis 0.007Tmm  (g;5=0)
Yis 0.158 mm
Y7 0.156 mm
Yis - 0.008 mm ;13=0)
V1o 0.122mm  (g;0=0)
Y20 0.159 mm
Y 0.001mm (g5, =0)
Y22 0.158 'mm
Va3 0.091mm (g3 =0)
Y 0.00lmm  (gq,,=0)

#$pecification violation (Euf >pf).

attitude sensors AZ10, AZ2 are not important since the radio
beam is not degraded by such motions. The 12 most important
(retained) sensors are: X10-X2, Y10-Y2, Y101-Y10,
X107-X10, Y113-Y10, Y119-Y10, ARY2, ARY6, ARY9Y,
ARZ9, ARX10, ARY10. It is noted from this list that
numerous rate gyroscope measurements (AR__) are quite im-
portant. Of the 12 admissible rate gyros, only three were
deleted besides those mounted about the Z axis.

Table 5 describes the input/output variance performance of
the final result (with 12 sensors and 6 actuators). Note that in
this OVA problem all of the 24 outputs are at their assigned
variances [Eq. (1)], except those that are less than their al-
lowed variances, (outputs 1— 10, 13, 15, 18, 19, 21, 23, 24). By
using less control effort one might expect that these outputs
could be increased to their allowed value. Such is not the case,
because such action would permit other outputs to exceed
their assigned variances. In fact, one of the striking conclu-
sions of Table 5 is that very few system outputs have to be
penalized to get the desired performance.} Every output which
is less than its allowed value in Table 5 is associated with a zero
weight g; —0. This fact is made explicit in Table 6 which shows
results using all 12 admissible actuators. Comparing Tables 5
and 6 yields the following conclusions. The output constraints
{Egs. (1a) and (1b)] are binding for only 7 of 24 outputs. The
remaining outputs remain small (within their constraints)
regardless of how small the weight ¢; is made. That is, the 24
output variance constraints [Eqs. (1)], can be achieved by
penalizing only 7 outputs in an LQG problem. These critical
outputs are (X10-X2), (Y10-Y2), (Y101-Y10), (X107-X10),
(Y107-Y10), (Y113-Y10), and (X119-X10). None of the critical
outputs are angles, and yet the critical sensors were angle
rates, see Table 4. This emphasizes the fact that it may be
neither required nor even desirable to measure the same
signals that are penalized. That is, to best control variable y it

1This shows the frustration of trying to assign values to state
weighting matrices in x7Qx terms commonly used in LQG problems.
In this example, this would require the selection of 26 state weights,
Qj;» i=1-26, when only seven are actively involved in achieving per-
formance, even though all states are observable. ’
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B 19.008 (
15+ 06 - 573
Egyi/oiy Epyi/oh
10 0.4 |-
5 02
0 1 | ] 0 i |
0 10 20 30 o] 10 20
25 4.0

05 1 ! J 00 L= 1 ]
0 10 20 30 o] 10 20
ITERATION NUMBER ITERATION NUMBER

Fig. 7 Hoop-column antenna: input variance assignment (IVA)
algorithm convergence.

may be better to measure a different variable z (these conclu-
sions disregard model error effects which are not considered in
this paper). Furthermore, this output performance is essenti-
ally unaltered by the deletion of 6 actuators (compare the sec-
ond column of Tables 5 and 6), and a saving of 25% control
effort (compare the mean squared sum of the last column in
Tables 5 and 6). Table 5 demonstrates the required actuator

" design specifications; actuator TZ2 should be designed for 105

dyne-cm torques. Actuator TX2 should be designed for 73
dyne-cm torques, etc. This information demonstrates the most
important feature of the OVASAS algorithm: the determina-
tion of the design requirements for actuators of flexible struc-
tures. Sizing actuators for the control of rigid bodies is a
relatively straightforward computation involving the distur-
bances. However, the sizing of actuators for the control of
flexible structures has received little attention.

The results of Table 5 are obtained from the SAS and OVA
iterative algorithms as combined in Fig. 5. The results of Table
6 are obtained from the OVA algorithm where the top half of
Fig. 6 demonstrates the convergence properties of the OVA
algorithm, which were typical for the 24 output variances, and
the bottom half of Fig. 6 demonstrates the convergence prop-

eerties which were typical for the 12 input variances. (The final

values of all input and output variances appear in Table 6.)
Figure 7 demonstrates the typical convergence of the output
and input variances of the IVA algorithm which yielded the
results in Table 7 for the admissible set of actuators and sen-
sors. These results determine the best performance that can be
achieved with 12 actuators operating at their limits [the con-
straints, Eq. (1¢), are binding]. In this case 14 of the 24 out-
puts exceed the requirements [Eqs (1a) and (1b)]. Hence, the
mission objectives cannot be satisfied with 12 actuators with
mean-squared output capabilities of 10 dyne-cm. In order to
satisfy the mission requirements the actuators may be sized ac-
cording to Table 5, obtained from the OVASAS algorithm.
It is important to note that the IVA problem (replacing the
OVA algorithm in Fig. 5 by the IVA algorithm) will not
generally yield the same sensor and actuator configurations as
the OVA problem.? Indeed, it is important to consider the
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Table 7 Hoop-column input variance assignment

VEmyi v Eooui )
Outputs (minimum achievable) Actuators “dyne-cm

y1=(AX2) 0.171s (g;=0) u;=TX2 10.000
y,=(AY2) 0.174s (g,=0) u,=TY2  10.000
y5=(AZ2) 701.807 s uz=TZ2 10.000
y4=(AX10-AX2) 0.008 s (q,=0) uys=TX6  10.000
ys=(AY10-AY2) 0.008 s (g5=0) us;=TY6  10.000
yi=(AZ10) 727.366 s us=TZ6  10.000
¥7=(X6-X2) 0.122mm  (g,=0) u#,=TX9 -10.000
ys=(Y6-Y2) (0.120mm  (gg=0)  wug=TY9 10.000
75=(X9-X2) 0.799 mm ug=TZ9 10.000
Y3 =(Y9-Y2) 0.784 mm u;=TX10 10.000
Y3 =(X10-X2)y 1.859 mm u;;=TY10 10.000
Y3, =(Y10-Y2) 1.824 mm up=TZ10 10.000
33 =(X101-X10) 3.003 mm

¥Y34=(Y101-Y10) 7.595 mm .

¥15 =(Z101-Z10) 0.091mm (g;5=0)

y§6 =(X107-X10) 7.218 mm

¥3,=(Y107-Y10) 3.381 mm

y18 (Z107-Z10) 0.090mm (g,3=0)

Y3o=(Y113-X10) 2.054 mm

Y3 =(Y113-Y10) 3.474 mm

Y21 =(Z113-Z10) 0.016 mm (g,;=0)

5, =(Z119-X10) 3.728 mm

Y33 =(Y119-Y10) 1.799 mm

Y24 =(2119-210) 0.010mm (g,,=0)

2Constraint violation (Eq,y? > o?).

specific control objectives in the selection of sensors and ac-
tuators. Controllability and observability studies?223:2526 are
not enough!

VII. Conclusions

This paper constructs iterative algorithms designed to assign
specified mean-squared values to multiple inputs or multiple
outputs. Input/output cost analysis is used to develop these
algorithms = which integrate the following tasks: The
algorithms
- 1) Design a linear feedback controller which satisifes out-
put variance constraints. This is accomplished by iterative
weight selection in the LQG problem.

2) Select sensors and actuators from an admissible set of
types and locations.

3) Determine actuator design requ1rements for the control
of flexible structures to meet specified output variance
constraints.

Numerical properties of the convergence of these algorithms
are demonstrated for NASA’s 64-m Hoop-Column Antenna.

To control the focus of a hoop-column-type antenna it is
important to have three—axxs torque control at the intersection
of the flexible solar panel and the flexible antenna mast, and
to have torque control along the mast about an axis perpen-
dicular to the solar panel and the mast. One of these torquers
should be located at the feed horns, near the focal point of
the antenna. The required radio beam performance can be
achieved using 12 sensors and 6 torque actuators with torque
capabilities ranging from 26 to 105 dyne-cm.
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